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We present a calculation of the twist-3 T-odd chiral-even fragmentation functions G⊥ and G˜⊥
using a spectator model. We consider the effect gluon exchange to calculate all necessary one-
loop diagrams for the quark-quark and quark-gluon-quark correlation functions. We find that the
gluon loops corrections generate non-zero contribution to these two fragmentation function. We
numerically calculate their half-kT moments by integrating over the transverse momentum and also
verify the equation of motion relation among G⊥, G˜⊥ and the Collins function.
PACS numbers: 13.60.Le,13.87.Fh,12.39.Ki
I. INTRODUCTION
Our understanding of the hadron structure depends on what we know about the parton distribution functions and
fragmentation functions. These functions appear in the decompositions of the parton correlation functions. In recent
years, several kinds of experiments have been carried out, such as the semi-inclusive deep inelastic scattering (SIDIS),
and e+e− annihilation into hadrons, which provide us considerable information on a class of T-odd and chiral-odd
fragmentation functions. A notable example is the Collins function [1] H⊥1 that describes the fragmentation of a
transversely polarized quark to an unpolarized hadron (e.g. a pion) and can be used to analyse the hadronic quark
spin contribution. It has been widely recognized that the Collins function plays an important role in the understanding
of the transverse single spin asymmetries (SSAs). In addition, the e+ e− annihilation data combined with the SIDIS
data can be applied to extract [2, 3] the Collins function.
Within the field theoretical framework of QCD, there are two approaches to interpret SSAs in high energy processes:
the transverse-momentum-dependent (TMD) approach [1, 4, 5] and the twist-3 collinear factorization in terms of
multi-parton correlation [6–8]. Recently, it was suggested [9] that the fragmentation contribution in the twist-3
collinear framework may be also important for the SSA in pp collision. Later phenomenological analysis [10] showed
that, besides the contribution of the twist-3 collinear distribution functions, twist-3 fragmentation functions are also
necessary for describing the SSA data in both SIDIS and pp collision [11–14] in a consistent manner [15]. Three chiral-
odd fragmentation functions, Hˆ(z), H(z) and HˆℑFU (z, z1), participate in those processes. The first one corresponds
to the first kT -moment of the TMD Collins function and has been applied to interpret the SSA in pp collisions in
previous studies [16, 17]. The second one appears in the subleading order of a 1/Q expansion of the quark-quark
correlator, while its TMD version H(z, k2T ) is also a twist-3 function. The function Hˆ
ℑ
FU (z, z1) is the imaginary part
of HFU (z, z1), and is connected to another fragmentation function H˜(z) through an integration over z1 [9, 18], with
H˜(z) the collinear version of H˜(z, k2T ), which is encoded in the TMD quark-gluon-quark correlation function. It has
been found that H˜ also plays an important role in the transverse SSA sinφS in SIDIS [19].
At the twist-3 level, apart from H˜(z, k2T ) and H(z, k
2
T ), there are two other T-odd TMD fragmentation functions for
a spin-0 hadron, denoted by G˜⊥(z, k2T ) and G
⊥(z, k2T ). They appear in the decompositions of the quark-gluon-quark
and quark-quark correlators, respectively. In the TMD framework [20], the fragmentation function G˜⊥(z, k2T ) may
give rise to longitudinal beam SSA (denoted by Asin φLU ) and target SSA (denoted by A
sinφ
UL , through the coupling with
the unpolarized distribution function f1. Sizable longitudinal SSAs in SIDIS have already been measured by the
HERMES [21, 22], CLAS [23–25] and COMPASS [26] Collaborations. The SSAs are phenomenologically interpreted
by the twist-3 distribution functions [27–30]. However, quantitative effects of the twist-3 T-odd fragmentation on the
longitudinal SSAs have never been considered, because of the poor knowledge of G˜⊥(z, k2T ). For this reason we will
study the two twist-3 T-odd fragmentation functions G⊥ and G˜⊥, using a spectator model, which assumes that the
final hadron h is produced through the process q → h q′, with q′ is the spectator quark. The spectator model has
∗Electronic address: zhunlu@seu.edu.cn
†Electronic address: ivan.schmidt@usm.cl
2also been applied to calculate the Collins functions of pion and kaon [31–36], as well as the the twist-3 fragmentation
functions H˜(z, k2T ) and H(z, k
2
T ).
II. MODEL CALCULATION OF G⊥ AND G˜⊥
For the TMD fragmentation functions, one can define the following quark-quark correlation function [20]:
∆(z, kT ) =
1
2z
∑
X
∫
dξ+d2ξT
(2π)3
eik·ξ 〈0| U∞+(∞T ,ξT )UξT(∞+,ξ+) ψ(ξ)|h,X〉〈h,X |ψ¯(0)U0T(0+,∞+)U∞
+
(0T ,∞T )
|0〉
∣∣∣∣
ξ−=0
. (1)
where the light-cone coordinates a± = a · n± = (a0 ± a3)/
√
2 have been applied, k and Ph denote the momenta of
the parent quark and produced hadron, respectively, and k− = P−h /z. The notation Uc(a,b) represents the Wilson line
(gauge link) running along the direction from a to b at the fixed position c. The detailed discussion on the Wilson line
U has been given in Ref. [36]. In the rest of this paper, we will utilize the Feynman gauge, in which the transverse
gauge links UξT and U0T can be neglected [37, 38].
Up to the twist-3 level, the fragmentation correlation function for a spinless hadron can be parameterized as
∆(z, kT ) =
1
2
{
D1 n/− + iH
⊥
1
[
k/T , n/−
]
2Mh
}
+
Mh
2P−h
{
E +D⊥
k/T
Mh
+ iH
[
n/−, n/+
]
2
+G⊥γ5
ǫρσT γρkTσ
Mh
}
. (2)
As one can see, there are two T-odd fragmentation functions at twist-3. One is H(z, k2T ), which has been studied in
Ref. [18] (its collinear version H(z) has also been studied in Ref. [39]). The other is the fragmentation function G⊥.
Similar to the T-odd distribution function g⊥, G⊥ appears in the parametrization in Eq. (2) because the direction of
the Wilson line (e.g., n+ in SIDIS) provides a vector independent of Ph and k for a Lorentz invariant decomposition
of the correlator ∆(k) [40, 41]. Specifically, G⊥ is associated with the correlation γ5ǫ
µνρσγµPhνn+ρkσ. From Eq. (2),
G⊥(z, k2T ) can be projected from the following trace
1
P−h
ǫαβT kTβG
⊥(z, k2T ) =
1
2
Tr[∆(z, kT )γ
αγ5] . (3)
As is well known, the tree level calculation yields vanishing contributions to G⊥, since the T-odd fragmentation
functions are contributed by the imaginary part of the scattering amplitude [35]. Therefore one has to consider
the diagrams at the loop level. In this paper, we will take into account the contribution of gluon rescattering at
the one loop order, which is also essential to ensure the color gauge invariance of fragmentation functions. The
calculation of the fragmentation function G⊥ in the spectator model is analogous to the previous calculations of the
Collins function [35, 36] and the twist-3 fragmentation function H [18]. In principle, there are four different diagrams
(and their hermitian conjugates) may give rise to G⊥, as shown in Fig. 1. However, in our case we find that the
contributions from the self-energy diagram (Fig. 1a) and the quark-meson vertex diagram (Fig. 1b) vanish. while
the last two diagrams, the hard scattering vertex (Fig. 1c) diagram and box diagram (Fig. 1d), generate nonzero
contributions. In details, when we performed the trace in Eq. (3) using the correlator from Fig.1a or Fig. 1b, we
obtain only one term which is proportional to ǫαµνρkµlνPhρ, with l the loop momentum. After the integration over
l is carried out, this term cannot give a contribution because of the property of the antisymmetric tensor ǫ (see also
Eq. (26)). This is different from the calculation of the twist-3 chiral-odd fragmentation function H for which Fig.1a
and Fig. 1b give nonzero results. The reason is that the Dirac structure (σαβγ5) associated with the fragmentation
function H is more complicated the one associated with G⊥, so that there are more terms appear besides the one
proportional to ǫαµνρkµlνPhρ after the trace is performed.
Using the spectator model, for the case of quark fragmenting into a pseudoscalar meson, we can write the expressions
of the correlator contributed by Fig. 1c and 1d as :
∆(c)(z, kT ) = i
4CFαs
2(2π)2(1− z)P−h
( k/+m)
(k2 −m2)2 gqhγ5 ( k/− P/h +ms)gqhγ5( k/ +m)∫
d4l
(2π)4
γ− ( k/ − l/+m)
((k − l)2 −m2 + iε)(−l− ± iε)(l2 + iε) ,
(4)
3l
k
Ph
Ph
Ph
Ph
k − l k − l
l
k − Ph
l
k − Ph
k − Ph K − Ph
l
k
+ +
+ +H.c.
(a) (b)
(c) (d)
FIG. 1: One loop order corrections to the fragmentation function of a quark into a meson in the spectator model. The double
lines in (c) and (d) represent the eikonal lines. Here “H.c.” stands for the hermitian conjugations of these diagrams.
∆(d)(z, kT ) = i
4CFαs
2(2π)2(1− z)P−h
( k/ +m)
k2 −m2 gqhγ5 ( k/− P/h +ms)∫
d4l
(2π)4
γ−( k/ − P/h − l/+ms) gqhγ5 ( k/− l/+m)
((k − Ph − l)2 −m2s + iε)((k − l)2 −m2 + iε)(−l− ± iε)(l2 + iε)
,
(5)
where gqh is the coupling of the quark-hadron vertex, m and ms represent the masses of the initial quark and the
spectator quark, respectively. Here ms is not constrained to be equal to m, following the choice in Refs. [18, 36]. In
Eqs. (4) and (5) we have applied the Feynman rule 1/(−l− ± iε) for the eikonal propagator, as well as that for the
vertex between the eikonal line and the gluon. Note that the sign of the factor iε in the eikonal propagator is different
for SIDIS (+) and e+e− annihilation (−). However, this will not affect the calculation of the fragmentation function
G⊥, which is similar to the case of the Collins function [42, 43] and the twist-3 fragmentation function H .
To obtain the imaginary part of the correlator, we utilize the Cutkosky cut rule to put the gluon and quark lines on
the mass shell. This corresponds to the following replacements on the propagators by using the Dirac delta functions
1
l2 + iε
→ −2πiδ(l2), 1
(k − l)2 + iε → −2πiδ((k − l)
2) . (6)
The other combinations (cutting through the eikonal line or the spectator line) yield zero contributions, as shown in
Refs. [18, 44]. Moreover, using the Cutkosky cut rule may also avoid dealing with the issue of renormalization [31, 32].
Using the cut rules in Eq.( 6), we perform the integration over the loop momentum l and arrive at the following
schematic form for G⊥(z, k2T ):
G⊥(z, k2T ) =
2CFαsg
2
qh
(2π)4(1 − z)
1
(k2 −m2)
(
G⊥(c)(z, k
2
T ) +G
⊥
(d)(z, k
2
T )
)
, (7)
where the two terms G⊥(c)(z, k
2
T ) and G
⊥
(d) on the r.h.s. of (7) correspond to the contributions from Fig. 1c and
Fig. 1d:
G⊥(c)(z, k
2
T ) = 2zI3k
− + 2zI1 , (8)
G⊥(d)(z, k
2
T ) = 2zI1 + 2(k
2 +m2)C + 2(k2 +m(m− 2ms))D + 2(1− z)EP−h . (9)
Here k2 = zk2T /(1− z) +m2s/(1− z) +m2h/z, and C, D and E denote the following functions
C = I34k
−
2k2T
+
1
2zk2T
(−zk2 + (2− z)m2h + zm2s) I2, (10)
D = −I34k
−
2zk2T
− 1
2zk2T
(
(1− 2z)k2 +m2h −m2s
)
I2, (11)
E = λ(mh,ms)
4zP−h k
2
T
I2 − 1
4z2k2T
(
(1− 2z)k2 +m2h −m2s
)
I34 +
k2 −m2
2
I4, (12)
4which originate from the integration∫
d4l
lµ δ(l2) δ((k − l)2 −m2)
((k − Ph − l)2 −m2s)(−l · n+ + iǫ)
= C kµ +DPµh + Enµ+. (13)
The functions Ii in the above equations are defined as [35]
I1 =
∫
d4lδ(l2)δ((k − l)2 −m2) = π
2k2
(
k2 −m2) , (14)
I2 =
∫
d4l
δ(l2)δ((k − l)2 −m2)
(k − Ph − l)2 −m2s
=
π
2
√
λ(mh,ms)
ln
(
1− 2
√
λ(mh,ms)
k2 −m2h +m2s +
√
λ(mh,ms)
)
, (15)
I3 =
∫
d4l
δ(l2)δ((k − l)2 −m2)
−l− + iε , (16)
I4 =
∫
d4l
δ(l2)δ((k − l)2 −m2)
(−l− + iε)((k − Ph − l)2 −m2s)
, (17)
with λ(mh,ms) = (k
2 − (mh +ms)2)(k2 − (mh −ms)2), and I34 is the linear combination of I3 and I4,
I34 = k
−
(
I3 + (1 − z)(k2 −m2)I4
)
= π ln
√
k2(1 − z)
ms
, (18)
As one can see, the two terms G⊥(c)(z, k
2
T ) and G
⊥
(d)(z, k
2
T ) are separately divergent, due to the appearance of I3 and
I4 in their expressions. However, their sum is eventually finite. Therefore, G
⊥(z, k2T ) is free of light-cone divergences
in the spectator model calculation. This is different from the calculation of the distribution function g⊥ [45], for
which a light-cone divergence arises. We note that the reason of this distinction is that the kinematical configuration
responsible for the nonzero T-odd fragmentation functions is different from that for the T-odd distribution functions.
Finally, we arrive at the result of G⊥(z, k2T ):
G⊥(z, k2T ) =
2CFαsg
2
qh
(2π)4(1− z)
1
(k2 −m2)
{
2zI1 + 2
(
k2 +m2
)C + 2 (k2 +m(m− 2ms))D
+
(1− z)
zk2T
(
λ(mh,ms)I2 +
(
(1− 2z)k2 +m2h −m2s
)
I34
)
+ 2zI34k
−
}
. (19)
In the following, we present the calculation of the fragmentation function G˜⊥(z, k2T ), which can be projected from
the following trace [20]:
z
2
Tr[∆˜Aρ(z, kT )(g
αρ
T − iǫαρT γ5)γ−] = kαT (D˜⊥(z, k2T )− iG˜(z, k2T )) . (20)
where ∆˜αA(z, kT ) denotes the twist-3 quark-gluon-quark correlator for fragmentation, which is defined as [9, 20]:
∆˜αA(z, kT ) =
∑
X
∫
1
2z
∫
dξ+d2ξT
(2π)3
∫
eik·ξ〈0|
∫ ξ+
±∞+
dη+UξT(∞+,η+)
× gF−α⊥ (η)UξT(η+,ξ+)ψ(ξ)|Ph;X〉〈Ph;X |ψ¯(0)U0T(0+,∞+)U∞
+
(0T ,ξT )
|0〉
∣∣∣∣
η+=ξ+=0
ηT=ξT
. (21)
Here Fµν is the antisymmetric field strength tensor of the gluon. The diagram used to calculate the fragmentation
function G˜⊥ in the spectator model is shown in Fig. 2. The left and right hand sides of Fig. 2 correspond to the quark-
hadron vertex 〈Ph;X |ψ¯(0)|0〉 and the vertex containing gluon rescattering 〈0|igF−α⊥ (η+)ψ(ξ+)|Ph;X〉, respectively.
The expressions for these vertices in the spectator model can be easily obtained. After considering all these ingredients,
we can write down the expression of the quark-gluon-quark correlator
∆˜αA(z, kT ) = i
CFαs
2(2π)2(1 − z)P−h
1
k2 −m2∫
d4l
(2π)4
(l−gαµT − lαT g−µ)( k/− l/+m) gqhγ5 ( k/− P/h − l/+ms)γµ( k/− P/h +ms) gqhγ5 ( k/+m)
(−l− ± iε)((k − l)2 −m2 − iε)((k − Ph − l)2 −m2s − iε)(l2 − iε)
,
(22)
5k
Ph
k − Ph k − Ph − l
l
k − l
FIG. 2: Diagram relevant to the calculation of the qgq correlator in the spectator model
where the factor (l−gαµT − lαT g−µ) comes from the Feynman rule corresponding to the gluon field strength tensor, as
denoted by the open circle in Fig. 2.
Similar to G⊥, the contribution to T-odd fragmentation function G˜⊥ also originates from the imaginary part of the
one-loop diagram [31]. Again, we can obtain the imaginary part by applying the Cutkosky cut rule and integrating
over the internal momentum l, similar to the fragmentation function G⊥. In fact, we consider every possible cuts
on the propagators appearing in Fig. 2. However, we find that only the cut on the gluon line and the fragmenting
quark survive after the replacement in Eq. (6), and the other choices are kinematically forbidden or cancel out each
other [18].
Therefore, we apply again the cut rules given in Eq. (6) to calculate the fragmentation function G˜⊥. After performing
the integration over loop momentum l, the final result for G˜⊥ is led to
G˜⊥(z, k2T ) = −
CFαsg
2
qh
(2π)4(1− z)
1
(k2 −m2)
{(
(m−ms)2 −m2h
)[
zA+ zB − 2I2
+
(
2− 2
z
)
C]+ 4z(m2A+m(m−ms)B)
+ (k2 −m2)[(z − 1)C − zI2]− zI1
}
, (23)
where A and B denote the following functions
A = I1
λ(mh,ms)
(
2k2
(
k2 −m2s −m2h
) I2
π
+
(
k2 +m2h −m2s
))
, (24)
B = − 2k
2
λ(mh,ms)
I1
(
1 +
k2 +m2s −m2h
π
I2
)
, (25)
which appear in the decomposition of the integral∫
d4l
lµ δ(l2) δ((k − l)2 −m2)
(k − Ph − l)2 −m2s
= A kµ + B Pµh . (26)
In principle, in calculating G˜⊥, one could also consider a diagram where the upper vertex of the gluon in Fig. 2
attaches to the quark leg on the r.h.s. (the one with momentum k − l). In an explicit calculation we obtain the
following result from this diagram
kαG˜⊥(z, k2T ) ∝
∫
d4l
(2π)4
kαl− − k−lα
−l− ± iε δ(l
2)δ((k − l)2 −m2). (27)
Using the decomposition of the integral (F and G are the scalar functions of k, n+ and m)∫
d4l
lµ
−l · n+ ± iε δ(l
2)δ((k − l)2 −m2) = Fkµ + Gnµ+, (28)
one can conclude that Eq. (27) should give zero contribution to G˜⊥.
6III. NUMERICAL RESULTS
In this section, we present the numerical results of the fragmentation functions G⊥,pi
+/u and G˜⊥,pi
+/u, which belong
to the so-called favored fragmentation functions. To do this we define the half-kT moment for them
G⊥ (1/2)(z) =
∫
d2KT
|kT |
2mh
G⊥(z, k2T ) = z
2
∫
d2kT
|kT |
2mh
G⊥(z, k2T ) , (29)
G˜⊥ (1/2)(z) =
∫
d2KT
|kT |
2mh
G˜⊥(z, k2T ) = z
2
∫
d2kT
|kT |
2mh
G˜⊥(z, k2T ) , (30)
where KT = −zkT is the transverse momentum of the produced hadron with respect to that of the parent. In the
case in which the quark-hadron coupling gqh is a constant, corresponding to a point-like coupling, these integrations
are divergent. There are two approaches to cut off the divergence. One is to set an upper limit for kT [35], the other
is to choose a Gaussian form factor depending on k2 for gqh [33, 36], instead of a point-like coupling:
gqh → gqh e
− k
2
Λ2
z
. (31)
where Λ2 = λ2zα(1 − z)β , with λ, α, and β are the parameters of the model. In this work we will adopt the
second approach, that is, to use Eq. (31) as the quark-pion coupling in order to effectively cut off the high kT region.
This choice is based on phenomenological motivation, as it can reasonably reproduce the unpolarized fragmentation
function [36]. Note that if one uses Eq.(31), one of the form factors should depend on the loop momentum l. However,
since the form factor is introduced to cut off the divergence, here we make a reasonable choice that the form factor
only depends on k2 to simplify the calculation. The same choice has also been applied in Ref. [18, 36]. The values for
the parameters are taken from Refs. [18, 36]:
λ = 2.18 GeV, α = 0.5 (fixed), β = 0 (fixed),
gqh = gqpi = 5.09, m = 0.3 GeV (fixed), ms = 0.53 GeV ,
which are obtained from simultaneously fitting the model results of the unpolarized fragmentation function D1 and
the Collins function with the known parametrization [2, 46]. For the pion mass we adopt mh = mpi = 0.135GeV.
Finally, we choose the value of the strong coupling constant αs = 0.2, following the choice in Ref. [36]. As shown in
Ref. [36], this choice is phenomenologically successful in reproducing the azimuthal asymmetry in e+e− annihilation
contributed by the Collins function[47].
The numerical results for G⊥ (1/2)(z) and G˜⊥ (1/2)(z) as functions of z are plotted in the left panel of Fig. 3. The
dashed and solid lines represent G⊥ (1/2)(z) and G˜⊥ (1/2)(z) for the case u → π+, respectively. We find that their
magnitudes are both sizable, although the size of G˜⊥ (1/2)(z) is smaller than that of G⊥ (1/2)(z). Besides, they have
a similar z-dependence, e.g., they are both positive and peak at around z = 0.2 Considering that we chose a rather
small value of αs, we point out that the magnitudes of G
⊥ (1/2)(z) and G˜⊥ (1/2)(z) could be larger if a larger αs is
chosen. Since G˜⊥ is a chiral-even function, in principle it can couple to the unpolarized distribution f1 in SIDIS to
generate the Asin φUL and A
sinφ
LU SSAs in SIDIS [20]. Our numerical results on G˜
⊥ imply that twist-3 fragmentation
contributions to these SSAs are non-negligible.
Using the QCD equation of motion for the quark fields, as well as the operator definitions of TMD fragmentation
functions, one can derive the following relation among G⊥, G˜⊥ and the Collins function [20]:
G⊥
z
=
G˜⊥
z
+
m
Mh
H⊥1 . (32)
On the one hand, the above relation demonstrates that the three fragmentation functions are not independent. On
the other hand, it may be used to verify the validity of the model calculation. Due to the model calculations for them
come from different Feynman diagrams, we cannot obviously find the relation from Eqs.(7), (23) and the expression
of H⊥1 . Therefore, we check numerically if the equation of motion relation (32)) holds in our model calculation. In
the right panel of Fig. 3, we plot G˜⊥ (1/2)(z) (dashed line) and G⊥(1/2)(z) − z mMhH
⊥ (1/2)
1 (z) (solid line) vs z, with
H
⊥ (1/2)
1 (z) the half kT -moment of the Collins function:
H
⊥ (1/2)
1 (z) = z
2
∫
d2kT
|kT |
2Mh
H⊥1 (z, k
2
T ) , (33)
By comparing G˜⊥ (1/2)(z) and G⊥ (1/2)(z)− z mMhH
⊥ (1/2)
1 (z) in Fig. 3, we find that the relation holds approximately
in the model. Thus, this result also provides a crosscheck on the validity of our calculation.
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FIG. 3: Left panel: The twist-3 fragmentation functions G⊥(1/2)(z) and G˜⊥ (1/2)(z) vs z in the spectator model, respectively.
Right panel: G˜⊥ (1/2)(z) compared with G⊥ (1/2)(z)− z m
Mh
H
⊥ (1/2)
1 (z) in the spectator model.
IV. CONCLUSION
In this paper, we have studied the twist-3 T-odd fragmentation function G⊥(z, k2T ) and G˜
⊥(z, k2T ) by considering the
gluon rescattering effects. We have employed the spectator model to compute all the possible diagrams contributing
to G⊥. We find that the two diagrams containing eikonal propagators give rise to nonzero G⊥, and the final result is
free of light-cone divergence. The function G˜⊥(z, k2T ) is also calculated by exploiting the quark-gluon-quark correlator
in the spectator model. Using a Gaussian form factor for the quark-hadron vertex, we have estimated the half-kT
moments of G⊥ and G˜⊥. we find that their sizes are substantial in the spectator model, which implies that G˜⊥ may
provide considerable contributions to the longitudinal beam or target SSAs at the twist-3 level. We have also verified
numerically the equation of motion relation among G⊥, G˜⊥ and H⊥1 , and find that it holds approximately in our
calculation. Our study may provide useful information on the twist-3 T-odd fragmentation functions, as well as their
role in the SSAs in SIDIS.
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